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ABSTRACT 
Vibration Based Damage Identification Technique, which use modal data or their functions, 
have received significant research interest in recent years due to their ability to detect damage 
in structures and hence contribute towards the safety of the structures. In this context, Strain 
Energy based Damage Indices (SEDIs), based on modal strain energy, have been successful in 
localising damage in structures made of homogeneous materials such as steel. However, their 
application to reinforced concrete (RC) structures needs further investigation due to the 
significant difference in the prominent damage type, the flexural crack. This paper evaluates 
and ranks 11 different forms of SEDIs for their ability to localise flexural cracks in RC beams, 
under different damage scenarios, and makes recommendations on suitable SEDIs that use 
single and multiple vibration modes. 
Key words: Strain energy, damage index, damage localization, flexural cracks, RC beam, false 
alarms 
1.  INTRODUCTION 
Damage assessment in structures and appropriate retrofitting will enable the safe and efficient 
function of the structures. In this context, many vibration based techniques have emerged as 
having the potential for accurate damage assessment. Strain Energy based Damage Index 
(SEDI) is one of the robust Vibration Based Damage Identification Techniques (VBDITs) [1]. 
The first SEDI was derived by Stubbs et al. [2]. Since then, many different forms SEDIs have 
been derived and presented in the literature [2-5]. Such SEDIs have indicated promising results 
in the damage localization process for structures made of steel or other homogeneous materials. 
However, there is an uncertainty of implementing these SEDIs in damage detection of 
Reinforced Concrete (RC) elements due to the nature of the predominant damage type, the 
flexural cracks. Flexural cracks in RC beams indicate a complex behaviour as they propagate 
along all directions. Cracks distribute uniformly along the width of a RC beam subjected to 
flexural loading. But, they do not propagate uniformly along the longitudinal and depth 
directions as the severity reduces away from the centre of the cracking zone. Secondary cracks  
extend more rapidly along the longitudinal direction than propagation of existing cracks in the 
depth direction due to stress distribution caused by the tensile reinforcement. Because of this, 
flexural cracks in RC beams take a parabolic shape causing complexities in finite element 
simulations. 
 Simplified damage simulation methods, such as reductions in the values of the Young’s 
Modulus or the second moment of area and notch type damage, used widely in VBDITs, 
assume a concentrated and/or uniform distribution of the damage. The ability of SEDIs to 
localise such simulated damage has been verified both experimentally and numerically. The 
complex nature of flexural cracks in RC elements, however, cannot be simulated using such 
simplified damage simulation techniques. This creates the need for a detailed evaluation of the 
ability of SEDIs on damage localization of flexural cracks with the use of a proper simulation 
technique. 
Wahalathantri et al. [6] have simulated the post cracking behaviour of RC beams accurately 
using the damaged plasticity model available in the ABAQUS finite element package [7,8]. 
This damage simulation technique is therefore selected for the present study and used to extract 
vibration properties (i.e. frequencies and mode shapes) at different states of cracking. This 
paper evaluates the ability of eleven different forms of SEDIs to localise flexural cracks in RC 
beams using the number and the intensities of false alarms as the two main criteria in the 
ranking process. The location, severity and number of cracks are varied in the study.  
Better damage localization results are reported with SEDIs that combine multiple modes than 
those based on individual modes. When higher modes are used on an individual basis, the 
number of false alarms becomes significant at low damage severities. This study recommends 
appropriate SEDIs that can be used to localize flexural cracks when only one mode is measured 
or when multiple modes are attainable. 
2.  THEORY 
Eleven different forms of SEDIs are evaluated in this study. Five of them are based on 
individual modes and the rests are derived by combining multiple modes.  Expressions for these 
SEDIs are presented in this section along with some preliminary information.  
2.1.  MODAL STRAIN ENERGY 
Modal strain energy, Uij, of the jth element in a beam for the ith mode is given by equation (1)  
[1,9], where EI = flexural rigidity of the beam, φi = ith mode shape, Lj = x-distance at node 
j,Lj+1 =  x-distance at node j+1 and φ'' i = curvature of the ith mode shape. 
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The total modal strain energy of a beam for the ith mode can be calculated by adding elementary 
modal strain energy values or using Equation (2), where L is the beam length.   
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Fractional strain energy of the jth element for the ith mode, Fij, is defined in the equation (3). 
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 2.2.  EXPRESSIONS FOR SEDIs 
Three different forms of SEDIs based on individual modes and denoted by β1, β2 and β3 are 
proposed by Cornwell et al. [3], Stubbs et al. [2] and Park et al. [4].  β1 and β2, are defined in 
equations (4) whereas β3 is defined in equation (5). Subscripts 'i', 'j', 'd', and 'h' stand for the 
mode number, element number, damaged state, and undamaged state respectively. 
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β4, β5, β6, and β7 denote multiple mode based SEDIs proposed by Cornwell et al. [3], Alvandi 
et al. [1], Park et al [4], and Shih et al. [9] respectively. β4 and β5 are defined in equation (6) 
while β6 and β7 are defined in equation (7) and (8) respectively. 'm' represents the total number 
of modes used during damage index calculation process.  
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Another four different SEDIs have been proposed by Wahalathantri et al. [5,6] using weighting 
functions which can minimise the intensity of false alarms at nodal points. Two of them, β8 and 
β9, (defined in equation (9)) are based on individual modes, whereas β10 and β11 (defined in 
equation (10)) are derived by combining multiple modes. β9 and β11 are average of β8 and β10 
across measured 'm' number of modes. Mode shapes and mode shape curvatures are used to 
define the modification functions, MF1 and MF2 as given in equation (11). |φi |max and |φ"i|max 
are the absolute maximum values of mode shape and mode shape curvature of the ith mode 
respectively. 
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3.  DAMAGE SIMULATION IN RC BEAM 
The 4.54m long RC beam used in this study has properties similar to the beam experimentally 
tested by Perera et al. [10]. However, boundary conditions are changed to have simple supports 
at its ends using pinned and roller supports. Figure 1 shows the cross section details of the 
beam. Elastic modulus (Es), density (ρs), and yield strength (σs) of the reinforcement are 
210GPa, 7850kg/m3, and 510MPa respectively, while the compressive strength, density and 
elastic modulus of concrete are 32MPa, 2500kg/m3, and 38.904GPa. The damaged plasticity 
model in ABAQUS FE package [7,8] is used to simulate different load induced flexural cracks 
in the RC beam. Details of the validation and complete stress strain relationships for concrete 
under tension and compression are presented in Wahalathantri et al. [6].   
 
Figure 1: Cross section details of the RC beam 
A total of seven damage patterns (four single and three multiple damage cases) are simulated. 
Details of single damage cases are presented in section 3.1.1 including load setup and the 
observed ABAQUS crack patterns, so that damaged elements can be identified. Section 3.1.2 
presents details of multiple damage cases. Before simulating damage, vibration properties of the 
intact beam are extracted under sustained self-weight. 
3.1.  SINGLE DAMAGE CASES 
Figure 2 shows the loading arrangement used to create single damage cases. Table 1 gives the 
values of the load W applied at a distance of Xw from the left end of the beam and the observed 
smeared crack pattern from ABAQUS simulation, for the single damage cases: SD1 – SD4. For 
damage calculation the beam is divided into 30 equal elements and the damages elements 
identified from the smeared crack patters are in shown in red. 
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Figure 2: Loading arrangement to simulate single damage cases 
Table 1: Identification of damage states of 30 elements for single damage cases  
ID Xw (m) W (kN) Damage Elements identified from ABAQUS Simulation 
(Bold red colour numbers indicate damaged elements) 
SD1 2.270 30 
 
SD2 2.270 60 
 
SD3 1.135 42 
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XW 
W 
 SD4 1.135 75 
 
 
3.2.  MULTIPLE DAMAGE CASES 
Figure 3 illustrates the 2 step loading arrangement for simulating multiple cracks. At the initial 
load step, a point load W1 is applied so that the first flexural crack is induced at a distance of 
XW1. Then W1 is fully unloaded and W2 is introduced at a distance XW2 to form the second 
crack at a distance XW2. Table 2 gives the details for the multiple damage cases: MD1 – MD3. 
 
Figure 3: Loading arrangement to simulate multiple damage cases 
Table 2: Identification of damage states of 30 elements for multiple damage cases 
ID 
No. 
XW1 (m), 
W1 (kN),  
XW2 (m), 
W2 (kN),  
Damage Elements identified from ABAQUS Simulation 
(Bold red colour numbers indicate damaged elements) 
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4.  RANKING OF SEDIs 
Two main criteria used in the ranking process are: (i) number of false alarms and (ii) intensities 
of false alarms. SEDIs based on individual modes are evaluated in section 4.1, while section 4.2 
presents results of evaluation of six SEDIs derived by combining multiple modes. Section 4.3 
demonstrates damage localization results of β11 for three multiple damage cases. 
4.1.  RANKING INDIVIDUAL MODE BASED SEDIs 
The accuracies of the SEDIs β1, β2, β3, β8, and β10 do not differ significantly for the 
fundamental mode, but the accuracies decrease with mode number. β1 indicates more false 
alarms at nodal points of higher modes. β8 and β10 marginally outperformed β2 and β3 with 
respect to the intensity of false alarms. These findings are elaborated through illustrative 
examples presented below. 
Figure 4 shows the localization results for β1 under SD1 using 3rd mode with a datum level of 
1. There are three peaks; one at mid span and one at each third point of the beam. The peak at 
mid span correctly identifies the centre of the damage zone. The peaks at the third points, 
however, correspond to positive false alarms. Another example is shown in Figure 5 for the 
damage case SD3 using 2nd mode. In this case, positive false alarms are observed at mid span of 
the beam. Based on these observations, β1 is not recommended to localize flexural cracks. 
The other four SEDIs (β2, β3, β8, and β10) gave improved results for damage localization with 
reduced intensity of positive false alarms. Figures 6 and 7 illustrate damage localization results 
for β2 and β10 respectively under SD3 using the second mode. β3, and β8 gave similar results. 
The ranking of β2, β3, β8, and β10 based on the relative intensities of false alarms is given by 
the expression RIFAβi (i =2, 3, 8 or 10) in Equation (12). For multiple zones with positive false 
alarms, multiple RIFAβi values are calculated for each zone. 
 
Figure 4: Damage localization results of β1 for SD1 using third flexural mode 
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Figure 5: Damage localization results of β1 for SD3 using second flexural mode 
 
Figure 6: Damage localization results of β2 for SD3 using second flexural mode 
 
Figure 7: Damage localization results of β10 for SD3 using second flexural mode 
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In the above equation, MaxIFA = maximum βi value above the datum value within the positive 
false alarm zone and Max(βi) = maximum βi value above datum value within correct damage 
location. 
Table 3 presents RIFAβi values for all four single damage cases using mode 2, 3, and 4. RIFAβi 
values increase with the order of mode, but reduce for higher damage severities. This implies 
that higher order modes generate false alarms with higher intensities at low damage severities 
for any damage index when DIs are calculated on individual mode basis.  
Among the four selected SEDIs, highest intensities of false alarms are associated with β2 and 
β3 for all four single damage cases. The overall performance of β8 and β10 are similar, but β10 
indicates a very slight improvement over β8 (with mode 4 under SD1 and SD2) Based on these 
results, β10, β8, β3, and β2 are ranked in the descending order of accuracy. 
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 Table 3: Relative intensity of positive false alarms (RIFAβi) 
Damage Case Damage Index Mode 2 Mode 3 Mode 4 
SD1 RIFAβ2 = RIFAβ3 - 17%, 20% 23% 
RIFAβ8 - 6%, 11% 20% 
RIFAβ10 - 6%, 11% 19% 
SD2 RIFAβ2 = RIFAβ3 - - 12%, 24% 
RIFAβ8 - - 6%, 15% 
RIFAβ10 - - 6%, 14% 
SD3 RIFAβ2 = RIFAβ3 17% 6% 6%, 28% 
RIFAβ8 10% 2% 2%, 18% 
RIFAβ10 9% 2% 2%, 18% 
SD4 RIFAβ2 = RIFAβ3 - 13% 14% 
RIFAβ8 - 5% 5% 
RIFAβ10 - 5% 5% 
 
4.2.  RANKING COMBINED MODE BASED SEDIs 
Among six SEDIs derived by combining multiple modes, β5 and β7 indicate false alarms 
particularly at low damage severities. Damage localization results of β5 and β7 for the damage 
case, SM3 is illustrated in Figure 8 and Figure 9 respectively. In both cases, the first four 
flexural modes are combined. Regions circled by red colour dotted lines highlight the positive 
false alarms of β5 and β7.  These two damage indices, therefore, eliminated from further 
analysis. 
The remaining four SEDIs, namely, β4, β6, β9, and β11, do not present any positive false 
alarms for all four single damage cases examined in this study. However, some negative false 
alarms are observed at edges of the cracked zones. Figure 10 illustrates a typical example of 
damage localization for SD3 with β11 which has correctly detected the damage location at 
quarter span. Although there are two false alarms (one positive and one negative at elements 7 
and 13 respectively), β11 has correctly localized the centre of damage zone. This implies that 
combination of multiple modes has improved the damage localization results. 
β4, β6, β9, and β11, do not indicate much variation in the damage localization results for the 
above seven damage cases when the first four modes are combined. These four SEDIs are 
therefore ranked based on their ability to localise damage using a single mode. β4, β6, β9 and 
β11 then become identical to β1, β3, β8, and β10 respectively. This implies that β4 which is 
identical to β1 on the individual mode basis, indicates higher number of false alarms at higher 
modes. Because of this, β4 cannot be recommended as a robust SEDI for the damage 
 localization purposes. β6 (which is identical to β3) on the other hand has false alarms with 
higher intensities than β9 and β11 when used with higher order modes on individual mode 
basis. Damage localisation results using either β9 or β11 are similar, with β11 showing slightly 
better performance (when using a single mode).  β11, β9, and β6 are therefore ranked in this 
manner in descending order of accuracy to localize flexural cracks. 
Based on the findings in sections 4.1 and 4.2, either β11 or β9 is recommended to localize 
flexural cracks if multiple modes are attainable. For cases where the number of modes is limited 
to one, either β10 or β8 is recommended. 
 
     
Figure 8: Damage localization results of β5 for SD3 
 
Figure 9: Damage localization results of β7 for SD3 
 
Figure 10: Damage localization results of β11 for SD3 
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 4.3.  MULTIPLE DAMAGE LOCALIZATION USING β11  
Figures 11-13 present damage localization results of β11 for three simulated multiple damage 
cases, MD1, MD2 and MD3. β11 has correctly localized centres of cracking zones in all 
damage cases. 
 
Figure 11: Damage localization results of β11 for MD1 
 
Figure 12: Damage localization results of β11 for MD2 
 
Figure 13: Damage localization results of β11 for MD3 
5. SUMMARY 
This paper evaluated eleven different SEDIs, 5 based on single modes and the rest based on 
multiple modes. When a single higher mode is used the number of positive false alarms 
increased with the mode number and with reduction in the damage severity. Results indicated 
that SEDIs derived by combining multiple modes eliminate such positive false alarms and 
produce more robust damage localization results. As β1, β5, and β7 had the highest potential for 
generating positive false alarms, they are not recommended for localising flexural cracks in RC 
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 beams. If only a single mode is available, β8 and β10 are recommended. When it is possible to 
measure multiple modes, β9 and β11 are recommended as the two best damage indices. 
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